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Abstract 

Elliptical bearing is characterized by low induced temperature and high stability at higher speed in 

comparison with the cylindrical journal bearing. The performance of such bearings can be affected by the 

type of oil used and its surface properties. The main goal of this work is to study the surface micro protrusion 

effect on the steady state operation of elliptical journal bearing lubricated with couple stress lubricant. The 

modified Reynolds’ equation to take into account the effects of couple stress lubricant and micro protrusions 

of the bearing surfaces is solved using finite difference method. The governing equations were solved using a 

prepared FORTRAN computer program. Pressure distribution, load carrying capacity and coefficient of 

friction have been studied for a bearing in laminar flow regime. The mathematical model was validated by 

comparing pressure results for the elliptical bearing of the present work with that obtained by Hussain et 

al.(1996). The obtained results demonstrate that the lubricant pressure and the load carried by the bearing 

decrease for the bearing with higher ellipticity factor while the load carried by the bearing increases for the 

bearing with higher protrusions or when using a  couple stress fluid with higher couple stress variable.  

Keywords: elliptical journal bearing, hydrodynamic lubrication, micro-protrusions, couple stress lubricant, 

non-Newtonian fluids 
 

1. INTRODUCTION  

 

Journal bearings are extensively used in 

industrial application due to its effectiveness and 

manufacturing simplicity. These types of bearing 

suffer from instability at higher speeds which lead 

to the advent  of using bearings with noncircular 

shapes and different types of lubricants. Elliptical 

bearing is one of those bearings suggested to treat 

such problem in addition to its lower oil film 

temperature in comparison with the cylindrical 

bearings. It was commonly used in turbo-sets of 

small and medium ratings, steam turbines, and 

generators. The performance of cylindrical journal 

bearing lubricated with couple stress fluid under 

steady state condition was studied by Wang et al. 

[1], and Maet et al. [2]. It was found that using 

couple stress fluid in lubricating the journal bearing 

improves the performance of such bearings. Chiang 

et al. [3] considered  the effects of couple stress and 

surface roughness on the journal bearing 

performance. It was observed that the surface 

roughness effect is dominant in long bearing 

approximation while it in reverse trend in case of 

transverse or longitudinal roughness of the journal 

bearing. Crosby et al. [4] studied the static and 

dynamic characteristics of two-lobe journal 

bearings lubricated with couple-stress fluids. The 

results obtained show an enhancement in stability 

of the bearing when it was lubricated with couple 

stress lubricant. In another work, Rahmani et al.[5] 

explored the effect of lubricating elliptical bore 

journal bearing with granular particles on static and 

dynamic performance of such bearing. It was found 

that the larger size particles enhance the bearing 

performance better than the smaller one. It was also 

concluded that the load carrying capacity the side 

leakage and the coefficient of friction are 

negatively affected by the ellipticity factor of the 

bearing. Chetti [6] investigates the effect of couple 

stress fluid on the elastohydrodynamic performance 

of an offset journal bearing. It was observed that the 

bearing characteristics were greatly affected by the 

elastic deformation of the bearing surfaces. The 

effect of oil film temperature on the performance of 

elliptical journal bearing considering different loads 

and speeds was studied numerically by Chauhan et 

al. [7] and experimentally by Singla and Chauhan 

[8] and [9]. The obtained results depict that the 

temperature and pressure at the mid plane of the 

bearing increased for higher journal speed and 

bearing eccentricity ratio while the oil film 

temperature decreases for the bearing with higher 

ellipticity factor. A comparative study of thermal 

behaviour of elliptic, offset halves, and 

orthogonally displaced non circular journal 

bearings were performed by Chauhan et al. [10] and 

Singla and Chauhan [11]. It was observed that the 
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cavitation area reduced along the circumference 

resulting in lower thermal degradation of an oil in 

noncircular journal bearing as compared to circular 

one.  Dang et al.[12] studied the effect of using 

nano lubricant with different nano particles and 

different oil grades  on the steady state thermo-

hydrodynamic performance of elliptical journal 

bearing. It was found that adding 2%wt of TiO2  and 

CuO to the (AW68) base oil enhances the load  

carrying capacity of the bearing when it was 

working at an eccentricity ration of 0.7.  The effect 

of surface roughness on the performance of 

elliptical journal bearing was studied by Mishra 

[13] and [14]. Load carrying capacity, friction 

force, flow into the bearing and the side leakage 

were the most important bearing parameters 

analysed. It was recognized that the isotropic 

roughness of the bearing surfaces has no effect on  

flow rate into the bearing and the side leakage flow 

while  it increases the  load carrying capacity and 

the friction force. EL-Said et al. [15] studied the 

effect of surface micro protrusion on the steady 

state and dynamic performance of noncircular 

journal bearing. It was found that the three-lobe 

bearing with protruded bushing is superior in 

comparison with that of smooth surface bearing 

from the steady state performance point of view.  

Faria [16] analysed steady state and dynamic 

performance of an elliptical journal bearing using 

finite element method with four nodes isoperimetric 

rectangular finite elements. The effect of the 

bearing ellipticity on the load carrying capacity and 

other performance parameters has been 

demonstrated and the obtained results bringing 

some technical data about the behaviour of such 

bearings. Chetti [17] analysed the steady state 

laminar and turbulent performance of two-lobe 

journal bearings lubricated with couple stress fluid. 

Numerical findings show that the couple stress 

lubricant strongly affects the performance of such 

bearing in both regimes. Ukani and Mathur[18] 

studied the static and dynamic characteristics of 

elliptical journal bearing lubricated with couple 

stress lubricant. The results obtained  for such 

bearing were compared with that lubricated with 

Newtonian lubricant. The obtained results show 

that the load carrying capacity increases while the 

attitude angle decreases when the bearing lubricated 

with couple stress fluid with higher couple stress 

parameter. Awati and Kengangutti [19] (performed 

thermo-hydrodynamic analysis for rough journal 

bearing lubricated with couple stress fluid. It was 

noted that using lubricants with couple stress for 

such bearing increases the load carrying capacity 

and decreases friction coefficient and oil film 

temperature. Rohilla et al. [20] showed that the 

effect of couple stress fluid and the elastic 

deformation of the bearing surface have a 

significant effect on its performance. It was also 

shown that the bearing stability increases as the 

elastic coefficient increases. Dass et al. [21] 

examined the associated effects of viscosity, 

velocity slip and the couple stress fluid on the 

performance of journal bearing. The obtained 

results indicated that including the effect of slip 

improves the load carrying capacity and decreases 

the friction coefficient significantly.  

Kumar et al. [22] studied thermohydrodynamic 

performance of elliptical journal bearing use in 

steam turbine numerically and experimentally. 

Finite element method was used to solve the 

governing equations. A good agreement between 

the numerical and experimental analysis has been 

obtained. Bhaskera et al. [23] studied thermal and 

isothermal performance of elliptical journal bearing 

lubricated with hydrol 68 lubricating oil at constant 

journal speed and variable loads. The temperature 

and pressure have been evaluated along the mid 

plane. The present work is an attempt to study the 

performance of elliptical journal bearing under 

combined effects of surface protrusions and couple 

stress fluid which is not studied previously.  

 
2. MATHEMATICAL MODEL 

 

The problem considered in the present work is 

statically loaded finite length elliptical journal 

bearing with the physical geometry shown in figure 

1. The geometrical and operating parameters of 

such bearing can be shown in table (1). The bearing 

is mathematically modeled in order to study the 

effect of micro protrusions on its performance when 

it is lubricated with couple stress lubricant.  

 

Fig. 1. Elliptical journal bearing 

2.1. Governing Equations and Boundary 

conditions 

The main governing equations used to analyze 

the problem of the present work can be summarized 

as follows: 

Reynolds Equation 

Lubricant containing long chain polymers 

cannot be treated as Newtonian fluid which can be 

treated as a couple stress fluid characterized by 

couple stress parameter l . The couple stress 

parameter is equal to zero for Newtonian fluid 

while it may takes a wide range of values for couple 

stress fluid. The generalized Reynolds’ equation 
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used to determine the pressure distribution through 

the bearing gap for laminar flow can be expressed 

as [ 71 ] 

( , ) ( , )
6

I h l P I h l P h
U

x x z z x 

       
+ =   

       
        (1) 

Where: 

3 2 3( , ) 12 24 tanh
2

h
I h l h hl l

l

 
= − +  

 
         (2)                            

Table1. Bearing geometrical and operating conditions [9] 

Bearing Length L=100mm 

journal Diameter  D=100mm 

Bearing major axis  100.4mm 

Bearing minor axis 100.2mm 

Bearing clearance 100.4µm 

Ellipticity ratio 1 and 1.5 

Rotational speed N=3000rpm 

L characteristic additives 

length, (m) (l=ɳ/µ)0.5   

ɳ Material constant for the 

CSF property 

Atmospheric pressure 0.0ap =  

lubricant viscosity 
o = 0.0277 pa. s 

protrusion height (hp) hp = 0.0  (Smooth bearing), 

hp = Ha/c =0.3 

X and z protrusion widths  6x zn n= =  

Geometry factor (m) m=1 

∆* Dimensionless variation in 

the film thickness 

The dimensionless form of equation (1) can be 

obtained by using the following nondimensional 

groups.  

x R= , z zL= , l lc= , o  = , h hc=  

Then the Reynolds equation (1) can be written in 

nondimensional  form as: 
2

( , ) ( , )  6
P R P h

I h l I h l
L z z


  

        
+ =    

        

                                                                              (3)  

where: 

 3 2 3( , ) 12 24 tanh
2

h
I h l h l h l

l

 
= − +  

 

.           (4)        

Oil Film thickness  

The oil film thickness for smooth elliptical 

journal bearing can be expressed as [12] 
2(1 cos sin ( ))v ph C E   = + + +  (5)                                                                                              

where: 

h v
p

v

C C
E

C

−
=                                                       (6)                                                                          

vC , hC : vertical and horizontal clearances. 

The oil film thickness in dimensionless form 

can be written as: 

2/ 1 cos sin ( )v ph h C E   = = + + +                (7)                                                                            

For elliptical bearing with micro protruded 

surfaces, the oil film thickness can be expressed as 

[15]: 
2 *1 cos sin ( ) ( , )ph E z    = + + + −            (8) 

where: 
*  is the oil film thickness variation measured 

from the stationary bearing surface (dimensionless). 

Protrusion profile may be modeled mathematically 

using the following relation [15]: 

( )* 2 2.
sin 1 sin . 1

2

m ma x
z

H n
z n

c


 



    
  = − −      

    

 

(9) 

where: 

m is the geometry factor.  

xn , xn  and aH  can be shown in figure 2. 

 
Fig. 2. Roughness profile  

 

Boundary Conditions 

Reynold’s boundary condition has been adopted 

in the present work as follows: 

0P =  and 0
P




=


  at c =  

In the cavitation zone the negative pressure was 

assumed to be zero. The pressure at both ends of 

the bearing equal to the atmospheric pressure, i.e: 

( ,0) ( ,1) 0P P = =  

The oil feeding pressure can be taken as 

atmospheric pressure.  

 

2.2. Bearing characteristics 

The total load capacity of the journal bearing is 

defined as [4]: 

            
2 2

r tW W W= +                                  (10)                             

where rW  and tW   are the load components along 

and perpendicular to the line of centres respectively  

  

1 22

2
0 0

cos
r

r

W LUR
W P d dz

C




 =   ;                 

and 

 

1 22

2
0 0

sin
t

t

W LUR
W P d dz

C




 =   .            (11)      

where r and t denoted along and perpendicular to 

the line of centres respectively. 

The bearing side-leakage flow can be obtained 

from the following equation:  
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The viscous friction force of a shearing film 

fluids can be expressed as [4]: 
1 2

0 0

LUR 1

2
f

h P
F d dz

C h







 
= +   

           (13)                                                                                                                 

The coefficient of the friction can be calculated 

by using the relation:  

( / )
f

f

F
C R C

W
= .                                                (14)  

 

2.3. Solution Procedure 

The problem of the present work was solved by 

using finite difference method. The governing 

equations for an elliptical journal bearing with 

different ellipticity factor lubricated with couple 

stress fluid with different couple stress parameters 

were solved by using a suitable prepared   

FORTRAN computer program. The Reynolds’ 

equation was discretized using central difference 

technique as follows: 
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Substitute the above discrete forms of the 

Reynolds equation terms in the equation (15) to get: 

( ) ( )
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The discretized Reynolds equation was solved 

together with the modified film thickness equation 

to include the effect of surface protrusion using 

direct iterative procedure with successive over 

relaxation factor. The solution was obtained for the 

previously mentioned boundary conditions. It was 

assumed that the cavitation effect is neglected and 

the pressure at the cavitation zone equal to zero. 

The iterations for the pressure loop are stopped 

when the following criterion for the pressure is 

obtained: 

( ) ( )
( )

, ,
1

,

0.0001
i j i j

n n

i j
n

P P

P

−
−


 


          (29) 

where n and n-1 are the next and previous iterations 

respectively. As the oil film pressure is obtained it 

can be integrated to calculate the load carried by the 

bearing and the different bearing parameters.  

 
3. RESULTS AND DISCUSSION 

 

Static characteristics for elliptic journal bearing 

with various ellipticity factors of (1 and 1.5) 

lubricated with couple stress lubricant was 

evaluated in terms of pressure generated in the oil 

film, load carried by the bearing and its coefficient 

of friction. Three different values of couple stress 

fluid factors 0,0.2l = and 0.4, eccentricity ratios 

ranging between 0.2 to 0.7 and micro protrusion 

height of 0 and 0.3. A validation for the 

mathematical model was implemented by 

comparing the predicted oil film pressure 

distribution obtained in the present work with that 

obtained by Hussain et al. [24] (1996) for finite 

length  elliptic journal bearing as can be seen in 

figure (3). A good agreement between the results 

has been obtained. Figure 4 shows the distribution 

of pressure for the elliptical journal bearing with 

different protrusion heights lubricated with couple 

stress lubricant that has different couple stress 

parameters working at eccentricity ratio of 0.6. This 

figure clearly shows that the oil film pressure 

generated in two lower and upper lobes and it 

becomes higher when the bearing lubricated with 

oil that has higher couple stress parameter. For 
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smooth bearing (i.e. 0aH = ) it can be noticed that 

lower lobe maximum oil film pressure increases 

from 1.8MPa when the bearing lubricated with 

Newtonian lubricant to 2.2MPa and 4MPa for the 

couple stress lubricated bearing that has parameters 

of 0.2 and 0.4 respectively. This can be explained 

by the higher oil viscosity of the bearing in this 

case. It can also be seen that the effect of surface 

protrusion is to enhance the oil film pressure. The 

oil film pressure increases by 17% for the bearing 

with surface protrusion height of 0.3 lubricated with 

Newtonian oil in comparison with that of smooth 

surface while it becomes 21% for a bearing 

lubricated with lubricant that has 0.2l = and 

surface protrusion height of 0.3. This can be 

assigned to the smaller thickness of the bearing oil 

film in this case. The effect of bearing ellipticity 

factor on the pressure distribution of protruded 

elliptical journal bearing working at an eccentricity 

ratio of 0.6 can be shown in figure 4. This figure 

obviously shows that the oil film pressure decreases 

for the bearing with higher ellipticity factor. The 

maximum percentage decrease in maximum 

pressure at the upper lobe was calculated and found 

to be 9% when the ellipticity factor increases from 

1 to 1.5. This behavior can be explained by 

referring to figure 5. This figure clearly shows that 

the thickness of the oil film increases for the 

bearing with higher ellipticity factor. This figure 

also depicts that the non-circularity of the bearing 

causes in generating two minimum film thicknesses 

on both sides. The trained of this result is supported 

by that obtained by Mishra [13]. Three dimensional 

oil film pressure on the bearing surface for a 

bearing lubricated with different oils can be shown 

in figures 6 and 7. These figures clearly depict that 

two lobes of oil film pressure are produced in 

elliptical journal bearing with a lower oil film 

pressure for the bearing lubricated with Newtonian 

oil in comparison with that lubricated by couple 

stress lubricant with parameter of 0.2. This assigned 

to the fact of higher oil viscosity of the couple 

stress lubricant in comparison with the Newtonian 

oil. 

Figure 8 shows the effect of lubricating smooth 

and protruded elliptic journal bearing with couple 

stress fluid that has different couple stress 

parameters on the load carrying capacity of such 

bearing.  It can be seen that the load carried by the 

bearing increases when lubricated with couple 

stress lubricant that has higher parameter due to the 

higher viscosity of the lubricant. It can also be 

observed that the effect of surface protrusion is to 

increase the load carried by bearing. The effect of 

surface protrusion height becomes mor significant 

when the bearing working at higher eccentricity 

ratio since the oil film thickness becomes smaller in 

this case in comparison with that of smooth 

surfaces. Considering the combined effect of 

lubricating the bearing with couple stress fluid and 

the bearing roughness is clearly noticed when it 

lubricated with couple stress lubricant that has 

higher parameter. The effect of protrusion height 

becomes clear even when the bearing works at 

lower eccentricity ratios. For example, the load 

carried by the bearing with protrusion height of 0.3 

increases by 18.2% in comparison with that of 

 

Fig. 3. Comparsion of the oil film pressure with that 

obtained by Hussain et al. [1996] 

Fig. 4. Effect of couple stress parameter on the pressure 

distribution of rough and smooth elliptical bearings 

Fig. 5. Effect of ellipticity parameter on the pressure 

distribution of rough elliptical bearings. 
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smooth surfaces lubricated with couple stress 

lubricant that has couple stress factor of 0.4 and 

working at eccentricity ratio of 0.5. The percentage 

increase becomes higher as the bearing works at 

higher eccentricity ratios. 

 
Fig. 6. Effect of ellipticity parameter on the oil film 

thickness distribution of smooth and rough elliptical 

bearing. 

 

Fig. 7.  Three-dimensional pressure distribution for 

elliptical journal bearing with ellipticity factor of 

1, 0.6 = , 0l = , 0aH = . 

 

Fig. 8. Three- dimensional pressure distribution for 

elliptical journal bearing with ellipticity factor of 

1, 0.6 = , 0.2l = , 0aH = . 

Fig. 9. Effect of couple stress parameter on the load 

carrying capacity of rough and smooth elliptical bearing. 

 

Figure 9 shows the effect of lubricating the 

protruded elliptical bearing with couple stress fluid 

of different CSF parameters. It is observed that the 

bearing coefficient of friction decreases when the it 

works at higher eccentricity ratios. The friction 

coefficient increases when the couple stress fluid 

with higher parameter used to lubricating the 

bearing in comparison with that lubricated with 

Newtonian oil. This can be attributed to the higher 

viscosity of the oil and hence the friction force 

induced on the bearing surfaces. This figure also 

depicts that the protruded bearing with higher 

surface protrusion has in general higher coefficient 

of friction in comparison with the bearing of 

smooth surfaces accept when the bearing works at 

higher eccentricity ratio when it becomes lower 

than that of smooth surfaces. This can be explained 

by the fact of the higher load carried by the bearing 

in this case. The load carried by the bearing seems 

to be lower for elliptical bearing with higher 

ellipticity factor as can be shown in figure 10. This 

assigned to the larger oil film thickness for the 

bearing with higher ellipticity factor and higher 

sensitivity of the pressure generated to the invers of 

the third power of the oil film thickness. This figure 

also shows that the effect of ellipticity factor 

becomes more considerable when the bearing 

works at higher eccentricity ratio since the 

percentage decrease in load carrying capacity 

increases from 23% to 43% for the bearing works at 

eccentricity ratios of 0.4 and 0.7 respectively.  

The coefficient of friction seems to be lower for the 

bearing with lower ellipticity factor as can be 

shown in figure 11. This can be related to the  

increase of the load carried by the bearing with 

ellipticity factor of (1) in comparison with the 

bearing with ellipticity factor of (1.5). For example, 

the percentage decrease in the coefficient of friction 

reaches 30% for the elliptical bearing with 

ellipticity factor of 1 in comparison with that of 

ellipticity factor of 1.5 when it works at eccentricity 

ratio of 0.5. 
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Fig. 10. Effect of couple stress parameter on the 

coefficient of friction of rough and smooth elliptical 

bearing 

Fig. 11. Effect of ellipticity parameter on the load 

carrying capacity of rough elliptical bearing. 

 

Fig. 12. Effect of ellipticity parameter on the friction 

coefficient of rough elliptical bearing 

 

 

4. CONCLUSIONS 

 

Theoretical investigation to the static 

characteristics of protruded elliptical bearing 

lubricated with lubricant containing long chain 

additives has been carried out using suitable 

mathematical model. The effect of protrusion 

height, the bearing ellipticity factor and the couple 

stress lubricant parameter on the static bearing 

performance parameters have been studied and 

presented. The following are the most important 

conclusions: 

1. Two lobes of positive pressure was found for the 

elliptical bearing which makes the cavitation 

zoee (non-effective zone) is smaller in 

comparison with the conventional journal 

bearing. 

2. The pressure and the load carrying capacity 

increase for the bearing with higher protrusion 

height. The maximum oil film pressure for the 

bearing with protrusion height Ha=0.3 increases 

by 17% in comparison with that of smooth 

surface Ha=0 when lubricated by pure oil while 

it becomes 21% and 30% for couple stress 

lubricated bearing with couple stress parameters 

of 0.2 and 0.4 respectively.  

3. The combined effect of higher ellipticity factor 

and protrusion height lead to increase the 

coefficient of friction. For example, the 

coefficient of friction increases by 30% when 

the bearing with ellipticity factor of (1.5) works 

at an eccentricity ratio of 0.5 in comparison with 

that. of ellipticity factor of (1). 

4. The load carried by the bearing decreases by 

30% to 43% for the bearing works at 

eccentricity ratios of 0.4 and 0.7 respectively 

when ellipticity factor is (1.5) in comparison 

with that has ellipticity factor of (1). 

5. Protruded elliptical journal bearing shows higher 

friction coefficient in comparison with the 

smooth one for a range of working eccentricity 

ratios. This range was found to be 0.4,0.6 and 

0.7 for the bearing lubricated with Newtonian 

and couple stress lubricant that has parameters 

of 0.2 and 0.4 respectively. 
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